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In this work we study the statistical and thermodynamic properties of the horizon fluid corre-
sponding to the Boulware-Deser (BD) black hole of Einstein-Gauss-Bonnet (EGB) gravity. Using
mean field theory, we show explicitly that the BD fluid exhibits the coexistence of two phases; a
BEC and a non-condensed phase corresponding to the Einstein term and the Gauss-Bonnet term
in the gravity action, respectively. In the fluid description, the high-energy corrections associated
to Gauss-Bonnet gravity are modeled as excitations of the fluid medium. We provide statistical
modeling of the excited part of the fluid and explicitly show that it is characterized by a generalized
dispersion relation which in D = 6 dimensions corresponds to a non-relativistic fluid. We also shed
light on the ambiguity found in the literature regarding the expression of the entropy of the horizon
fluid. We provide a general prescription to obtain the entropy and show that it is indeed given by
Wald entropy.
PACS numbers: 04.70.Dy, 04.50.Kd, 04.50.Gh, 67.10.-j.
I. INTRODUCTION
Many interesting features of gravity have arisen since
the formal relation between the laws of thermodynamics
and the laws of black hole dynamics were found [1–3].
These relations allow the possibility of extracting infor-
mation about the microscopic degrees of freedom by pro-
viding statistical mechanical description of the macro-
scopic properties of black hole horizons. [In this work,
by degrees of freedom we mean the microscopic degrees
of freedom corresponding to the black-hole entropy.] In
other words, one aims to arrive at the microscopic fea-
tures of black holes from their semi-classical properties
as we yet lack information about the quantum degrees of
freedom of gravity.
Fluid/Gravity correspondence is another approach
that aims to associate fluid degrees of freedom to the hori-
zon and, eventually, to the gravitational degrees of free-
dom [4–9]. This correspondence allows the connection
between macroscopic and microscopic physics through
the study of the statistical properties of the fluid on the
horizon of the black hole. For instance, the fluid on the
horizon of a Schwarzschild black hole can be modeled
as a relativistic Bose gas with all its degrees of freedom
in the lowest energy level, allowing the fluid to be in
a condensed state [10, 11]. The collective behavior of
the microscopic degrees of freedom, described within the
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Landau-Ginzburg mean field theory of phase transitions,
lead to the Bekenstein-Hawking entropy in Einstein grav-
ity [11, 12] (see also [13]). If the fluid-gravity correspon-
dence is a generic feature of any horizon, it is imperative
to see whether the mean field theory approach can be ex-
tended to higher derivative gravity theories that are rel-
evant in large curvature limit where the Einstein-Hilbert
action is not well suited.
Lanczos-Lovelock (LL) gravity is a generalization to
Einstein gravity that is consistent with having no more
than second order time derivatives in the equations of
motion [14, 15], and is free from ghosts when perturbed
around flat spacetime. The higher order terms in LL ac-
tions represent high-energy corrections to Einstein grav-
ity. In particular the second order term known as the
Gauss-Bonnet term, that is of interest in this work, ap-
pears in low energy effective actions in string theories
[16], where the Einstein-Hilbert term arises as the low-
est order curvature term in the action that is relevant at
low energy scales. The black hole solution related to the
second order LL gravity, also known as Einstein-Gauss-
Bonnet (EGB) gravity, was found by Boulware and Deser
[17] and a thermodynamic analysis of general LL gravity
was first done in [18] (see also [19, 20]).
One of the main questions we ask here is the follow-
ing: Is there a statistical mechanical description for the
fluid living on the BD event horizon? As mentioned ear-
lier, such a description was recently provided for Einstein
gravity within mean field theory, where the fluid is mod-
eled as a Bose-Einstein condensate near the critical point
[11]. In this work, we extend the statistical analysis to
BD fluid [19–22]. As BD fluid contains high energy cor-
rections, one may expect that the mean field theory de-
2scription can not be extended naturally. We construct an
explicit model of the BD fluid here where two phases co-
exist, a Bose-Einstein condensate and a non-condensed
(normal) phase. As we shall see, the condensed phase
corresponds to the Einstein-Hilbert term in the action
whereas the non-condensed phase arises due to the pres-
ence of the Gauss-Bonnet term.
Before we go for the statistical analysis of BD fluid, we
note that in the literature there exists an ambiguity in the
definition of entropy of the BD horizon fluid. Specifically,
it has been argued that the BD fluid entropy is less than
the Wald entropy corresponding to the BD black hole
[20, 22]. We identify the root cause of this ambiguity
and show that this arises from assuming a linear relation
between free energy and the volume of the fluid. We
provide a consistent thermodynamic framework and show
that the entropy of the fluid is given by the Wald entropy
for the BD black hole, and forms the basis for further
statistical analysis.
We list below the steps followed to obtain the macro-
scopic quantities associated with the horizon-fluid from
which we obtain a statistical mechanical description for
BD fluid:
1. Using the expressions for pressure (2) and temper-
ature (3) together with the free energy represen-
tation of the first law of thermodynamics (10), we
define the thermodynamic Potential (Ω) or free en-
ergy (12) corresponding to the horizon-fluid.
2. From the free energy (12), we obtain the entropy of
the horizon-fluid. As mentioned above, there is an
ambiguity in the literature regarding the value of
this entropy [20, 22]. In Sec. (II A), we explicitly
show that the entropy of the fluid comes out to
be identical to the Wald entropy when one takes
into account that the free energy Ω is a non-linear
function of A.
3. From the expression of free energy (12), we obtain
the energy of the horizon-fluid (14) using an inte-
gral of the form
∫
PdV . It is important to note that
this definition of the energy of the fluid is different
from the definition of Komar mass for the BD black
hole although it matches with the accepted value of
energy (with no cosmological constant) given in the
literature [18, 19].
The paper is organized as follows: In section II we
resolve the existing ambiguity in the expression for the
entropy of the BD fluid, which differs from the Wald en-
tropy of the BD black hole [19, 20, 22]. We explicitly
show how to obtain the entropy for the BD fluid that
leads to a value identical to the Wald entropy in a con-
sistent manner. In section III, we apply the mean field
theory for the BD fluid and find that it shows the coex-
istence of two, condensate and non-condensate, phases.
Under general assumptions, we provide a statistical de-
scription of the non-condensed part of the fluid up to
first order in the coupling constant parameter (λ) in the
Gauss-Bonnet term. In section IV we conclude and dis-
cuss the implications of our results. In appendix A, we
generalize the procedure followed in [11] for the higher
dimensional Schwarzschild black hole and show that the
correct value for Bekenstein-Hawking entropy is also ob-
tained as the difference of two phases near a critical tran-
sition point. In appendix B we obtain the generalized
dispersion for arbitrary dimensions. Finally in appendix
C, we deduce that a dispersion relation with a linear term
in momentum, namely a term related to phonon modes,
can also be present but is unimportant for large values
of momentum.
II. ENTROPY OF THE
EINSTEIN-GAUSS-BONNET FLUID
The Lanczos-Lovelock Lagrangian, in a
D−dimensional spacetime, is the sum of particular
Lagrangian densities, where each term is characterized
by a coupling constant λm and each one of these terms
is a special contraction with products of completely
antisymmetric tensors δa1b1...ambmc1d1...cmdm with Riemann tensors
Rc1d1...cmdma1b1...ambm [14, 15]. The first, second and third terms
in the action correspond to the cosmological constant,
Einstein-Hilbert and Gauss-Bonnet Lagrangian densities
respectively. We will restrict ourselves to second order
LL Lagrangian with zero cosmological constant and
from now on, we refer λ to the coupling constant in the
Gauss-Bonnet term, the action is given by
S =
∫
dDx
√−g
[
1
16π
(R+ λLGB)
]
. (1)
where LGB = R2 − 4RµνRµν + RµναβRµναβ and G is
set to unity. The spherically symmetric black hole cor-
responding to this action was found in Ref. [17] and is
referred as BD black hole.
As mentioned in the Introduction, the equations of mo-
tion of Einstein gravity when projected to the surface
horizon of its black hole give rise to Navier-Stokes equa-
tions [4]. This projection has been done for the equations
of motion followed by Eq. (1) and for particular back-
ground geometries like the Boulware-Deser [21]. We refer
to the fluid in this particular background geometry as BD
fluid. The transport coefficients related to pure LL terms
in Eq. (1) have been found in Ref. [22]. The projection
from the equations of motion was made using a limit-
ing process from an stretched horizon to the true horizon
and a detailed discussion of this process and its validity
is given in Refs. [21–23]. The pressure and temperature
for the D−dimensional BD fluid are given by [21, 22]
P =
(D − 3)
16πa
+
α¯(D − 5)
16πa3
, (2)
T =
(D − 3)a2 + (D − 5)α¯
4πa3 + 8πα¯a
. (3)
3where a is the horizon radius of the BD black hole, and
α¯ = λ(D − 3)(D − 4). Now we turn our attention to the
relation between the pressure and entropy of the fluid on
the horizon. The prescription to calculate the entropy
for a general diffeomorphism invariant theory of gravity
for a killing horizon was given by Wald [24]. Following
this prescription, the Wald entropy for the BD black hole
is given by [19, 25]
SW =
A
4
+ λ
(D − 2)(D − 3)(AD−2)
2
D−2
2
A
D−4
D−2 , (4)
where AD−2 is the area of the unit (D − 2) dimensional
sphere. While Wald entropy is uniquely defined, it seems
that the entropy for the BD fluid is not defined uniquely
[20, 22]. In particular, using Eqs. (2),(3), the pressure
can be expressed as
P =
T
4
+
α¯(AD−2)
2
D−2
2
TA−
2
D−2 , (5)
where this relation can be understood as an equation
of state for the pressure as a function of temperature
and area. From this relation we can easily see that the
pressure for the Schwarzschild fluid is recovered for λ = 0
[11]. Eq. (5) can be rewritten to find another interesting
relation between pressure and entropy:
PA
T
=
A
4
+
α¯(AD−2)
2
D−2
2
A
D−4
D−2 . (6)
Comparing with Wald entropy Eq. (4), we can write Eq.
(6) in the following way
PA
T
= S1W +
(D − 4)
(D − 2)S
2
W , (7)
where the upper index designates the corresponding con-
tribution to Wald entropy of individual LL terms in Eq.
(1), i. e.
S1W =
A
4
, (8)
S2W = λ
(D − 2)(D − 3)(AD−2)
2
D−2A
D−4
D−2
2
.
The relation (7), for the general LL Lagrangian was found
in [20, 22], and it is the entropy of the BD fluid. This
entropy is explicitly given by
SF =
A
4
+ λ
(D − 3)(D − 4)(AD−2)
2
D−2
2
A
D−4
D−2 , (9)
and differs from Wald entropy Eq. (4) by a numerical
factor in the second term. It is important to note that SF
is always less than SW (SF < SW ). In the remainder of
this section we first point out the reason for the mismatch
and show a consistent way to relate the thermodynamic
quantities of the BD fluid. In this approach, the entropy
of the BD fluid coincides with the Wald entropy for the
BD black hole.
A. Thermodynamics of BD fluid
Here we point out the origin of the discrepancy be-
tween the two entropies, namely the Wald entropy for
the BD black hole Eq. (4), and the entropy for the BD
fluid given by Eq. (9). The main observation is that Eq.
(5) is an equation of state for the pressure, that should be
derived from a thermodynamic potential as a fundamen-
tal relation, namely the free energy Ω(A, T ) satisfying
the differential first law of thermodynamics [26]
dΩ = −SdT − PdA, (10)
S = −∂Ω
∂T
∣∣∣∣
A
, P = −∂Ω
∂A
∣∣∣∣
T
. (11)
At this point it is important to remark that if we at-
tempt to construct the free energy from the expression,
Ω(A, T ) = −PA with the pressure given by Eq. (5) we
see that the thermodynamic equations (11) give the en-
tropy as in Eq. (9) and an incorrect expression for the
pressure. The reason why the last construction fails is be-
cause the energy U(A, T ) is not a homogeneous function
of order one in its extensive variables and, as a conse-
quence of this, the Euler relation U = TS−PA does not
hold, which is a necessary requirement for the free energy
to be given by Ω = −PA [27]. This is a particular feature
of the LL thermodynamic relations. Therefore, we need
to construct the free energy Ω(A, T ) from the differential
relation (10). Using the input, that is the pressure (5),
and imposing that the entropy at the origin vanishes we
get the following free energy
Ω = −TA
4
− λ(D − 2)(D − 3)(AD−2)
2
D−2
2
TA
D−4
D−2 . (12)
The equations of state related to this Ω(A, T ) are the
correct expression for pressure Eq. (5) and Wald entropy
Eq. (4) for the (BD) black hole [18, 19, 25]. In this
way, the thermodynamic relations for the BD fluid are
seen to be consistent and the problem of the ambiguity
in entropy disappears, i.e. the entropy of the BD fluid is
the same as Wald entropy for the BD black hole of EGB
gravity.
We also see that it follows directly from the equations of
state that ∂S∂A =
P
T , and this quantity depends solely on
the area A which means that
4dU = TdS − PdA = 0, (13)
This relation is consistent with the corresponding BD
black hole constraints as one parameter system depend-
ing on the area of its horizon A or the black hole radius
a. The energy corresponding to the horizon-fluid can be
obtained from the free energy Ω(A, T ), i. e.,
E =
∫
PdA =
∫ (
−∂Ω(A, T )
∂A
∣∣∣∣
T
)
dA. (14)
Substituting Eq. (12) for the free energy in the above
expression leads to
E =
(D − 2)(AD−2)
1
D−2A
D−3
D−2
16π
(15)
+ λ
(D − 2)(D − 3)(D − 4)(AD−2)
3
D−2A
D−5
D−2
16π
.
This is one of the key results of this work and we would
like to stress the following points: First, the thermody-
namic quantities are obtained from the free energy and
are computed from an independent construction using
the properties of the BD fluid. More importantly, the
thermodynamic properties of the BD black hole calcu-
lated using the Euclidean action approach [18], and the
procedure followed here are independent. Second, al-
though the thermodynamic quantities are calculated us-
ing a different approach, they match with the correct
accepted values for the BD black hole [18, 19, 25, 28].
The matching of the macroscopic quantities from geo-
metric and thermodynamic routes reinforces the corre-
spondence between the fluid and gravity on the horizon.
Third, there are several inequivalent definitions of mass
in general relativity. The mass or the “energy” of a black
hole is also not free from this problem. For global condi-
tions like staticity and asymptotically flatness (zero cos-
mological constant), the Komar integral gives the correct
mass parameter, at least for Schwarzschild black holes in
4 dimensions [29–31]. However, the definition of Komar
energy for the Kerr black hole [32, 33] has an anoma-
lous factor 2. The value of energy from our calculation
matches the correct value of energy for the BD black
hole [18, 19, 28], which is not based on Komar-like cal-
culations.
III. STATISTICAL MODELING OF THE BD
HORIZON FLUID
In this section we turn our attention to the statistical
modeling of the BD fluid.
Following the same procedure as in [11], we show in
appendix A that Bekenstein-Hawking entropy arises as
the difference in the entropy between two phases near
a critical point for the higher dimensional Schwarzschild
black hole. This means that the mean field theory is well
suited to describe the Schwarzschild fluid near the critical
point and all its degrees of freedom are in the ground
state. This will correspond to the condensed phase of
the BD fluid.
Here we note the fact that EGB gravity is understood
as a gravity theory containing high energy corrections or
equivalently contributions coming from the physics at a
much shorter length scale compared to the scale where
Einstein gravity is a good approximation [16], It is well
known, that mean field theory description of the BEC
includes only the long wavelength physics and is inde-
pendent of the physics at smaller length scales. Hence
it is expected that the part of the fluid corresponding to
the GB term cannot be described by a BEC. In fact, one
encounters problems if one tries to model GB horizon
fluid by a mean field theory. Accordingly, we shall treat
the part of the horizon fluid corresponding to the GB
term as being in a non-condensed or normal phase. We
are interested in understanding how these high energy
contributions manifest in the fluid description of the BD
black hole. We can separate what we call now the total
free energy Ω into two parts ΩC and ΩN corresponding
to the condensed and non-condensed parts respectively.
They are given by,
ΩC = −TA
4
, (16)
ΩN = −λ(D − 2)(D − 3)(AD−2)
2
D−2
2
TA
D−4
D−2 .
The free energy ΩC is given by the mean field theory
expansion (see details in appendix A),
ΩC = Φ0 + a(T − Tc)η2 +Bη4. (17)
The following points are in order regarding the above
expression: First, it tells us that the properties of the
condensed part can be described by a mean field theory.
This part does not explicitly depend on λ and it matches
with the free energy of Einstein gravity. Second, the free
energy part that explicitly depends on λ can not be de-
scribed as a relativistic Bose gas. In hindsight, this is not
surprising as Gauss-Bonnet gravity corresponds to high-
energy corrections. In the fluid description, this trans-
lates to the non-condensed part of the fluid that com-
prises of the excitations of the medium. In other words,
the statistical description of the non-condensate part can
provide us with information about the high energy fea-
tures of the gravity theory.
A. Thermodynamic quantities characterizing the
non-condensed phase of the fluid
Having identified the free energy corresponding to the
non-condensed part of the fluid, we provide the statisti-
cal mechanical description for this non-condensate phase
5characterized by ΩN in Eq. (16). To achieve that,
first we obtain the thermodynamic relations for the non-
condensed part of the fluid. The free energy ΩN (16)
satisfies the thermodynamic relation,
dΩN = −SNdT − PNdA. (18)
The thermodynamic quantities for the non-condensed
fluid that follow from this expression are given by,
SN = λ
(D − 2)(D − 3)(AD−2)
2
D−2
2
A
D−4
D−2 , (19)
PN = λ
(D − 3)(D − 4)(AD−2)
2
D−2
2
TA−
2
D−2 ,
EN = λ
(D − 2)(D − 3)(D − 4)(AD−2)
3
D−2A
D−5
D−2
16π
,
where,
S = SC + SN , (20)
P = PC + PN ,
Ω = ΩC +ΩN ,
E = EC + EN .
The expressions for S, P,Ω and E are given by Eqs. (4),
(5), (12), and Eq. (15) respectively.
B. Statistical modeling of the non-condensed fluid
Since we are working with the fluid description of the
BD horizon, the degrees of freedom in the non-condensed
phase can be viewed as the excitations of the medium (i.e.
the fluid) due to the vibrational modes. To go about
with the statistical modeling of the non-condensed phase
of the fluid, we consider it to be a weakly interacting
gas. The following three physical assumptions can then
be made: (i) As we have shown in the last section, we
are dealing with a Bose-like fluid with a fraction of its
degrees of freedom in the condensate state, we assume a
Bose-Einstein probability distribution for the vibrational
modes in the fluid as a function of energy in the grand
canonical ensemble with zero chemical potential. (ii) We
will assume that the density of states is proportional to
the volume accessible to the fluid, in this case, the area of
the horizon. (iii) Finally, we will assume a power law for
the density of states, i.e. the dispersion relation between
energy and momentum is given by, ǫk = ck
σ, where, σ is
the spectral index [34, 35]. This relation can be recovered
knowing the density of states n(ǫ),
dΣ(ǫ)dǫ
dǫ
= n(ǫ)dǫ. (21)
where, Σ(ǫ) is the number of microstates in this infinites-
imal interval. After taking into account the last two as-
sumptions, the density of states takes the form,
n(ǫ)dǫ = aAǫγdǫ, (22)
where, a and γ are constants to be determined by the
constraints of the model. Note that σ and γ are different.
Following this, the logarithm of the partition function
lnQ is given by,
lnQ = −aA
∫ ∞
0
ǫγ ln (1− e−βǫ)dǫ, (23)
and the energy is given by
E¯ = −∂(lnQ)
∂β
= aAΓ(γ + 2)ζ(γ + 2)(kBT )
γ+2 (24)
where, Γ(x) and ζ(x) are the Euler gamma function and
Riemann zeta function respectively. Let us focus on D =
6 dimensions. The thermodynamic properties are given
by,
EN =
3λ(A4)
3
4A
1
4
2π
, (25)
PN = 3λ(A4)
1
2 TA−
1
2 ,
SN = 6λ(A4)
1
2A
1
2 .
We see that all the relevant thermodynamic quantities
are functions of T and A, but T (A) is function of A itself,
so we have have a one parameter system. Therefore, we
can express the thermodynamic quantities as a function
of one of this two variables that we choose here to be the
temperature. For this purpose we rewrite Eq. (3) as,
T (A) =
3(A4)
1
4A
1
2 + 6λ(A4)
3
4
4πA
3
4 + 48πλ(A4)
1
2A
1
4
, (26)
and we use (26) to express area as a function of temper-
ature A(T ) to first order in λ. Substituting back on Eq.
(25) we get,
EN
A =
32λπ2T 3
9 , (27)
PN =
16λπ2T 3
3 ,
SN =
27λ(A4)
8π2T 2 .
Matching the thermodynamic energy density Eq. (27)
with the statistical energy density coming from Eq. (24),
a and γ are given by,
a =
16λπ2
9ζ(3)k3B
, γ = 1. (28)
6Using the values of a and γ in Eq. (23) we get,
lnQ = 16λπ
2AT 2
9kB
. (29)
The statistical equations of state for the pressure and
entropy are
P¯ =
∂(kBT lnQ)
∂A
∣∣∣∣
T
, S¯ =
∂(kBT lnQ)
∂T
∣∣∣∣
A
. (30)
As partial derivations are involved in finding these equa-
tions of state, it is important to note that kBT lnQ is
defined up to some functions of pressure and tempera-
ture. Making use of this freedom, we shall match the
expressions for the variables from the thermodynamics
and statistical mechanics. To this end, we define,
Ω¯(A, T ) = kBT lnQ+ 6λ(A4)
3
4A
1
4
π
− 27λ(A4)
16π2T
. (31)
An expression from which we get the statistical quantities
P¯ =
∂Ω¯
∂A
∣∣∣∣
T
, S¯ =
∂Ω¯
∂T
∣∣∣∣
A
(32)
Rewriting the statistical mechanical quantities obtained
from (32) in terms of T we get,
P¯ =
16λπ2T 3
3
, S¯ =
27λ(A4)
8π2T 2
. (33)
It is important to note that this matches with the quan-
tities (27) as obtained from the thermodynamics of BD
fluid.
Now that we have a complete statistical picture of the
non-condensed part of the fluid, we can gain more insight
into the microscopic features of the BD fluid by looking at
the dispersion relation satisfied by the vibrational modes.
To this end, we look at the differential relation involving
the density of states n(ǫ),
n(ǫ)dǫ = g(p)dp, (34)
using (B3) (with ~ = 1) for the D = 6-dimensional space-
time (4-dimensional fluid), g(p)dp is given by,
g(p)dp =
Ap3
8π2
dp, (35)
and using Eq. (22) with the value for a given in Eq. (28),
the non-condensed fluid satisfies the following dispersion
relation,
ǫ =
3
√
ζ(3)k
3/2
B
16π2
√
λ
p2. (36)
The following points are note worthy regarding the above
results: First, the non-condensed phase satisfies the dis-
persion relation of a non-relativistic gas with λ playing
the role of mass. When λ << 1, which corresponds to the
approximation we used, the mass of the particles is small
and this dispersion relation corresponds to the excitation
of low energy modes. Phonon modes are present but they
are not important for large values of momentum (see ap-
pendix C). Second, at the leading order in λ, the above
analysis can be extended to any dimensions. It can be
seen that, for any dimension, the energy constraint can
be satisfied for γ = 1 and the dispersion relation will de-
pend on the space-time dimensions. These generalized
dispersion relations arise naturally in higher dimensional
Bose-Einstein condensates [34, 35] and we can see gener-
ally that the condensation property is satisfied for higher
dimensional fluids like the ones encountered here.
IV. CONCLUSIONS
The paradigm that gravity is emergent is supported by
quite a few independent lines of evidences. The connec-
tion of the gravitational dynamics with the Navier-Stokes
equation is definitely one of the most striking among
these. However, except for the Fluid-Gravity duality
that emerges from the AdS-CFT correspondence, it is not
known whether there is an underlying microscopic the-
ory corresponding to the fluid description of the dynamics
of horizons. Though the AdS-CFT correspondence is re-
stricted to certain classes of black hole spacetimes, still it
is possible to glean a lot of insight about the microscopic
theory of gravity via Fluid-Gravity duality. It is interest-
ing to find out what the microscopic theory underlying
a fluid description of the event horizon of a black hole
is in a gravity theory. For the Schwarzschild black hole
spacetime, a solution of the Einstein theory, this study
has already been performed [10]. Here we have extended
this approach to include black holes in Lanczos-Lovelock
gravity.
In this work we modeled the horizon fluid of BD
black hole as a fluid with two coexisting phases; a BEC
phase corresponding to the Einstein gravity and a non-
condensed phase that corresponds to the Gauss-Bonnet
term. Our analysis has two parts: (i) Purely thermo-
dynamic and (ii) Statistical mechanical modeling of the
fluid.
In the thermodynamic aspect of our work, we provided
a consistent way to derive the equations of state for the
general D-dimensional horizon-fluid in Lovelock theory
and showed that the entropy of this fluid coincides with
the Wald entropy [24, 25]. Our prescription resolves the
ambiguity existing in the literature in the definition of
the entropy for the black hole solution of EGB gravity in
its fluid description [20, 22], and establish a solid basis
for the thermodynamics of the BD fluid.
On the statistical mechanical part, we generalized
the results found in [11, 12] for the higher dimensional
7Schwarzschild black hole and using the mean field the-
ory analysis, we find that the BD fluid shows the coex-
istence of a condensed phase and a non-condensed (nor-
mal) phase. Finally, to have a better insight in the nature
of the non-condensed fluid, we provided detailed statis-
tical analysis. Under general assumptions, we found a
consistent statistical model of the non-condensed part of
the BD fluid. In the approximation used, we find that
the normal fluid behaves like a non-relativistic fluid with
a general dispersion relation given by Eq. (B3). The
6-dimensional model is treated in detail where the cou-
pling constant λ plays the role of mass for the low energy
modes of the excited part. In the limit of λ → 0, we
recovered Schwarzschild fluid condensate.
Our work implies that the counting of the DOF on
the black hole event horizon in Gauss-Bonnet gravity is
greater than that for the Einstein theory of gravity. This
is consistent with results of Brustein and Medved [36],
where the authors have shown that the Lovelock theory
of gravity can be effectively described as Einstein grav-
ity coupled to a 2-form gauge field. This is reminiscent
of the f(R) gravity in a conformally transformed frame,
where it can be described as Einstein gravity coupled to
a scalar field. Also from the formula for Wald entropy
for a black hole in a Lovelock theory [18, 19, 25], we
see that the entropy is greater if the Gauss-Bonnet cou-
pling term is non-zero. While the first point evidence
that the Lovelock theory of gravity has extra degrees of
freedom compared to the Einstein theory of gravity, the
Wald entropy formula shows that black hole entropy in
Gauss-Bonnet theory is greater than the entropy of the
black holes in the Einstein theory of gravity (for the
black holes having the same area in both theories). Even
though in 4-dimensions, Gauss-Bonnet term is topologi-
cal, it gives a non-vanishing constant term to the Wald
entropy. In other words, in four dimensions, the entropies
of the black hole in the two theories differ by a constant
term. This also seems to indicate that if the Wald en-
tropy denotes the number of microstates of a black hole,
then probably that number is greater for a black hole in
Lovelock gravity. This is true even if the coupling con-
stant is small. To our understanding, the reason has not
been understood completely.
At this point, it is also interesting to note that the
Boulware-Deser black hole solution lies in one branch.
The solution on the other branch has a naked singularity.
The approach pioneered by Damour works requires event
horizon, i.e. a null horizon generated by a Killing vector.
Since horizon fluid cannot be defined for the other branch
of solutions, hence our approach cannot be extended to
provide a fluid description of such solutions.
In this work, we have considered horizon-fluid of
Boulware-Deser black hole which is an asymptotically
flat. Our aim is extend the analysis for asymptotically
A(dS) space-times. In the case of Einsteinian gravity, we
showed that a negative cosmological constant acts like an
external magnetic field that induces order in the system
leading to the appearance of a tri-critical point in the
phase diagram [11]. In the case of 5-D Gauss-Bonnet
gravity with (positive or negative) cosmological term,
λ = 1/4 (in Geometric units) has a critical value and
the symmetry enhances to the full SO(4, 2) group and
the 5-D Gauss-Bonnet gravity action with cosmological
term is Chern-Simons Lagrangian for the AdS group [37]
It will be interesting to obtain a fluid description for the
critical system as it will be non-perturbative. We hope
to address this elsewhere.
The coexistence of two phases in our model is a feature
that is common to the two fluid model of Superfluidity
as well. Given the context, it is natural to ask the ques-
tion, whether a two fluid model can be developed that
describes the dynamics of the BD fluid. If possible, we
might be able to relate the physics of the BD fluid to
the physics of superfluidity where the coexistence of two
phases occurs naturally. The two fluid models also ex-
hibit some other interesting properties [38] and one could
check whether those features are seen in this case also.
We hope to address these questions elsewhere.
Appendix A: Higher dimensional Schwarzschild
black hole entropy from criticality
Following the same procedure as in [11], we show that
for general higher dimensional Schwarzschild black hole,
Bekenstein-Hawking entropy arises as the entropy dif-
ference between two phases near a critical point. We
start from the generalized expressions Eqs. (3), (15)
with λ = 0, being the relevant ones the Komar en-
ergy and temperature appearing in the order parameter
η in the statistical field (free energy) expansion [10, 39].
The energy and temperature for λ = 0 in terms of area
A = AD−2a
D−2 are given by
E =
(D − 2)(AD−2)
1
D−2A
D−3
D−2
16π
, (A1)
T =
(D − 3)(AD−2)
1
D−2
4πA
1
D−2
.
Now, we can construct the quantity N(A) = E/αT , we
get
N(A) =
(D − 2)A
4α(D − 3) . (A2)
The form of the constraint N(A) needed to construct the
order parameter η was justified from the micro canonical
point of view for the Schwarzschild black hole fluid (D =
4) in [10, 11], and this statement can be generalized to
the D−dimensional case in which we are interested now
and the same functional form of N(A) is found. The
order parameter η2 is given by η2 = κN(A). We can also
see from Eq. (5) that in this higher dimensional case, it
is also satisfied that the form of the equation of sate is
P = T/4. We can use the thermodynamic potential for
8this case, Eq. (12) given by Ω(A, T ) = −TA/4 and the
mean field theory expansion is [10, 39]
− TA
4
= Φ0 + a(T − Tc)η2 + Bη4, (A3)
when matching coefficients on both sides of the equation
we get the value of a, a = − (D−3)α(D−2)κ , and the value of η
of the extremum of the statistical field is obtained from
∂Φ/∂η = 0, this is
η2 = −a(T − Tc)
2B
, (A4)
where using η2 = κ(D−2)A4(D−3)α we get
(T − Tc)
2B
=
(D − 2)2κ2
4(D − 3)α2A. (A5)
Finally, we find the entropy, △S = −∂Φ/∂T
△S = −∂Φ
∂T
= −aη2 = a
2(T − Tc)
2B
, (A6)
and substituting the previous values this gives
△S = A
4
. (A7)
We find that this difference in entropy between the two
phases of the fluid near the critical point is in accordance
with the Bekenstein-Hawking entropy.
Appendix B: General dispersion relation
For a general (D− 2) dimensional fluid on the horizon
of a D-dimensional black hole, the number density of the
states for the vibrational modes of the fluid is given by,
Σ(p) =
A
hD−2
∫
dD−2p =
A
hD−2
π
D−2
2 pD−2
Γ
(
D
2
) (B1)
and from this we get g(p)
dΣ(p)
dp
dp = g(p)dp =
(D − 2)AπD−22 pD−3
hD−2Γ
(
D
2
) (B2)
and finally from the relation n(ǫ)dǫ = g(p)dp we get the
generalized dispersion relation,
ǫ =
p
D−2
2
2
D−3
2 π
D−2
4 ~
D−2
2
√
Γ(D/2)
√
a
(B3)
where, the value of the constant a depends on λ and can
be fixed using the energy constraint.
Appendix C: Dispersion relation with a linear term
Here we show that the leading term in the dispersion
relation is ǫ0(p) = cp
2 [see Eq. (36)], while the other
terms in the dispersion relation are subleading correc-
tions. Since we are considering the excitations in a fluid
medium, it is natural to consider an UV cut-off. Then
the total energy of the non-condensed part of the fluid in
terms of momentum is given by,
E¯ =
∫ pD
0
g(p)ǫ(p)
eβǫ(p) − 1dp. (C1)
where, pD is the cut-off. We now recall that the thermo-
dynamic expression for the energy is equated with the
statistical average assuming no cut-off in Eq. (24) (with
γ = 1) where ǫ(p) is given by ǫ0(p). In order to re-
cover the average energy E¯, ǫ(p) in Eq. (C1) has to be
slightly different from ǫ0(p). We may express this as,
ǫ(p) = ǫ0(p) + δφ(p), where δφ(p) represents the change
in the dispersion relation which will be of the order of
(1/pD). So, the relation (C1) can be written as,
∫ pD
0
g(p)ǫ(p)
eβǫ(p) − 1dp→
∫ ∞
0
g(p)[ǫ(p)− δφ(p)]
eβ[ǫ(p)−δφ(p)] − 1 dp. (C2)
Expanding the right hand side of Eq. (C2) up to the first
order in 1/pD we get,
E¯ =
∫ ∞
0
g[p(ǫ)]ǫ
eβǫ − 1
(
dp
dǫ
)
dǫ (C3)
− 1
pD
[
g(p′)
eβǫ(p′) − 1 − β
g(p′)ǫ(p′)eβǫ(p
′)
[eβǫ(p′) − 1]2
]
.
The explicit change in ǫ(p) is given by, ǫ(p) = ǫ0(p) +
1
pD
[a1p + a2p
2 + a3p
3 + ...], where, a1, a2, a3, ... are ar-
bitrary constants and are constrained by a consistency
condition which will be derived below. We invert the
expression of ǫ(p) to express p as a function of ǫ pertur-
batively, i. e.
p(ǫ) = p0(ǫ) +
p1(ǫ)
pD
+
p2(ǫ)
p2D
+ ... (C4)
where, p0 = (ǫ/c)
1/2
. We find p(ǫ) up to the coefficient
a3 and to first order in 1/pD. The factor g(p) for the six
dimensional case is given by, g(p) = bp3, where, b is a
constant Eq. (35), in this case g[p(ǫ)] = bp3(ǫ). Hence,
substituting p(ǫ) in Eq. (C3) up to first order in 1/pD,
we get,
9E¯ =
b
2c2
∫ ∞
0
ǫ2dǫ
eβǫ − 1 −
1
pD
{
9a1b
√
π
16(cβ)5/2
ζ
(
5
2
)}
(C5)
− 1
pD
{
a2b
2(cβ)3
ζ(3) +
75a3b
√
π
32(cβ)7/2
ζ
(
7
2
)}
− 1
pD
[
g(p′)
eβǫ(p′) − 1 − β
g(p′)ǫ(p′)eβǫ(p
′)
[eβǫ(p′) − 1]2
]
.
We note that the first term on the right hand side is the
average energy E¯ [see Eq. (24)]. Using this, we find the
consistency condition,
{
9a1b
√
π
16(cβ)5/2
ζ
(
5
2
)
+
a2b
2(cβ)3
ζ(3) +
75a3b
√
π
32(cβ)7/2
ζ
(
7
2
)}
(C6)
= −
[
g(p′)
eβǫ(p′) − 1 − β
g(p′)ǫ(p′)eβǫ(p
′)
[eβǫ(p′) − 1]2
]
.
Now we show that this equation can be satisfied for
a1 > 0. The factor in square bracket on the right hand
side is negative for all p′, so the right hand side of this
equation is positive. And all factors on the left hand side
of the equation are positive, so the arbitrary constants
ai can be positive or be in such a combination to make
at least the first term positive. This shows that it is pos-
sible to have a dispersion relation in this case, that has
a phonon like term. The contribution of these modes of
excitation is present but is small in general. For suffi-
ciently small values of momentum however, the phonon
like term would become important.
This analysis can be extended for D > 6 in the same
way. The dispersion relation in that case would be given
by: ǫ(p) = ǫ0(p) + (1/pD)[a1p + a2p
2 + ...], with ǫ0(p)
given as in Eq. (B3) and with all other terms suppressed
for a large value of momentum.
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